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We present a self-interaction-free time-dependent density-functional theory (TDDFT) for the treatment of
double-ionization processes of many-electron systems. The method is based on the extension of the Krieger-Li-
Iafrate (KLI) treatment of the optimized effective potential (OEP) theory and the incorporation of an explicit
self-interaction correction (SIC) term. In the framework of the time-dependent density functional theory, we have
performed three-dimensional (3D) calculations of double ionization of He and Be atoms by intense near-infrared
laser fields. We make use of the exchange-correlation potential with the integer discontinuity which improves the
description of the double-ionization process. We found that a proper description of the double ionization requires
the TDDFT exchange-correlation potential with the discontinuity with respect to the variation of the total particle
number (TPN). The results for the intensity-dependent rates of double ionization of He and Be atoms are presented.
DOI: 10.1103/PhysRevA.87.052513 PACS number(s): 31.15.ee, 32.80.Rm
I. INTRODUCTION
Recent experimental progress in the generation of ultra-
short xuv laser pulses has made possible the exploration
of complete-breakup problems of atoms and molecules on
a smaller time scale. Using subfemtosecond (sub-fs) xuv
pulses allows us to peer into the exciting processes related
to atomic inner-shell spectroscopy. The complete photon-
induced breakup problem of many-electron atoms presents
to theorists great challenges not found in single-ionization
processes. As a prototype to understand the mechanisms of the
multiple ionization process in complicated atomic targets, we
focus ourselves on the double photoionization of helium and
beryllium atoms. Even for the simplest two-electron atomic
system, nonperturbative treatment for the double ionization
still presents considerable computational challenges. Different
theoretical models have been suggested to describe nonse-
quential double ionization (NSDI) (see, for example, review
[1]). However, further experimental investigations [2–4] un-
ambiguously pointed out that the dominant contribution to
NSDI in the tunneling-ionization regime can be explained
by the recollision mechanism [5]. According to the classical
rescattering model [5], an electron removed from its atom by
an external field can return to the parent ion after some period
of time. When it returns, its kinetic energy can be as large
as 3.17Up because of acceleration by the external field [Up is
the ponderomotive potential; for linearly polarized laser fields,
Up = F 2/(2ω)2 where F is the peak electric-field strength and
ω is the laser frequency]. The returning electron can undergo
elastic or inelastic scattering or it can recombine with the core.
The latter possibility leads to emission of a photon (high-order
harmonic generation, HHG), and elastic scattering contributes
to above-threshold ionization (ATI). Inelastic scattering results
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in excitation of the core or ejection of another electron through
the (e,2e) process; removal of multiple electrons is also
possible. Of course, these inelastic processes can take place
only if they obey the energy conservation.
The experimentally confirmed (e,2e) mechanism of NSDI
in the tunneling regime implies that proper account of the
electron-electron interaction is crucial for a correct description
of this process. It is not surprising that single active electron
(SAE) theoretical models are unable to reproduce NSDI char-
acteristics even qualitatively since such models do not include
multielectron dynamics. On the contrary, the time-dependent
density functional theory (TDDFT), in principle, contains all
multielectron effects through the exchange-correlation func-
tional. However, early attempts to apply TDDFT with various
known exchange-correlation functionals for calculations of
NSDI [6,7] were unsuccessful. The calculations failed to
describe the experimental results for double ionization of He
atoms even qualitatively: the famous “knee” structure in the
intensity dependence of the double-ionization probability [8,9]
could not be reproduced. Nowadays it is understood that
the problem is not in TDDFT itself but in the quality of
the exchange-correlation functionals. Most of approximate
exchange-correlation functionals lack the important property
of the exact functional: the discontinuity of its derivative
with respect to the number of particles N when N passes
through integer values [10]. It was shown [11] recently that
the derivative discontinuity is crucial for a correct description
of double ionization: a simple model correlation potential
with the discontinuity being used in the time-dependent
Kohn-Sham equations produced the intensity dependence of
the double-ionization probability with the knee structure, in
qualitative agreement with experiment. In the ground-state
density functional theory, the exchange-correlation potentials
with the discontinuity can be constructed with the help of the
optimized effective potential (OEP) method and its simplified
version, the Krieger-Li-Iafrate (KLI) approximation [12]. Both
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OEP and KLI can be extended to the TDDFT domain [13,14],
and the constructed time-dependent exchange-correlation
potential retains the discontinuity property. The proposed time-
dependent KLI self-interaction correction (SIC) procedure,
similar to the original KLI method, allows also the construction
of a self-interaction-free effective potential that is orbital
independent [15]. Moreover, it was demonstrated [16] that
the discontinuity of the exchange-correlation potential is
explicitly built up during the time propagation of the time-
dependent Kohn-Sham orbitals. It should be noted that the
KLI-SIC potential, like many other orbital density dependent
quantities, is not invariant under unitary transformations of
the Kohn-Sham orbitals. Additional constraints (see, e.g.,
Ref. [17]) can be applied to obtain an optimal set of orbitals
that minimizes the SIC energy. Usually, the optimal set
consists of spatially localized orbitals. Recently, a generalized
formulation of time-dependent OEP and KLI methods was
suggested [18] which employs two sets of orbitals related by
a unitary transformation. However, while this issue appears
quite important for extended systems such as molecules or
clusters, it is less important for atoms where the orbitals
are naturally localized. Since we focus on NSDI of atoms
in this work, we will follow the conventional formulation of
the time-dependent KLI-SIC (TD-KLI-SIC) procedure. We
also note that invariance under unitary transformations of
the orbitals does not ensure a correct description of double
ionization as well as lack of this invariance does not prevent it.
The derivative discontinuity property is much more important
in this respect. For example, the time-dependent Hartree-Fock
approach cannot reproduce the knee structure in double
ionization of He; although the functional is invariant under
unitary transformations of the orbitals in this case, it does not
possess the derivative discontinuity property.
In our previous study [19], we found that the discontinuity
of the TD-KLI-SIC potential related to the spin particle
number (SPN) is not sufficient to reproduce characteristic
features of double ionization. In the present paper, we extend
the TD-KLI-SIC method where the exchange-correlation
potential changes discontinuously when the total particle
number (TPN) passes through an integer value. We use this
new method to study double ionization of He and Be atoms by
strong near-infrared laser fields, and the famous knee structure
is reproduced with the use of TD-KLI-SIC.
II. THEORY AND COMPUTATIONAL DETAILS
The single-particle potential with the discontinuity is
constructed with the help of TD-KLI-SIC procedure. Within
the adiabatic approximation, well justified in the case of low-
frequency laser fields [20], the TD-KLI-SIC single-particle
potential can be expressed as follows:
V SICσ (r,t) =
Nσ∑
i=1
ρiσ (r,t)
ρσ (r,t)
[
viσ (r,t) + V̄ SICiσ − v̄iσ
]
. (1)
Here indices i and σ enumerate spin orbitals (σ corresponds
to the spin projection), and Nσ is the SPN (the number of
electrons with the spin σ ; the TPN N is the total number of
electrons: N = N↑ + N↓). The spin-orbital density ρiσ and the
total spin density ρσ are defined a follows:
ρiσ (r,t) = |ψiσ (r,t)|2, ρσ (r,t) =
Nσ∑
i=1
ρiσ (r,t), (2)
where ψiσ (r,t) is the Kohn-Sham spin orbital.
The orbital-dependent potential viσ (r,t) includes the
Hartree and exchange-correlation parts as well as self-
interaction corrections. In Eq. (1), the last two terms V̄ SICiσ and
v̄iσ are constants, though the value of V̄ SICiσ is unknown. The
KLI method suggests a way to calculate V̄ SICiσ − v̄iσ through
a solution of linear equations [15]. Following the KLI-SIC
procedure, one finds that
V̄ SICiσ =
∫
d3rρiσ (r,t)V SICσ (r,t),
(3)
v̄iσ =
∫
d3rρiσ (r,t)viσ (r,t).
Equation (1) defines the potential V SICσ up to an arbitrary
constant. However, since the exchange-correlation potential
vanishes at infinity in the space domain, its expectation value
with the highest-occupied spin orbital ψmσ (r,t) must be equal
to that of the orbital-dependent potential vmσ (r,t) [12]:
V̄ SICmσ = v̄mσ . (4)
The constraint (4) makes the potential (1) unique, and all
unknown constants V̄ SICiσ (i < m) can be obtained solving a
set of linear equations [12]. It is the constant V̄ SICiσ − v̄iσ in
Eq. (1) that ensures discontinuous behavior of the TD-KLI
potential with respect to the spin particle number Nσ [16].
For He and Be atoms, the procedure is particularly straight-
forward since Nσ does not exceed two. Since He (1s2) and
Be (1s22s2) are closed-shell atoms, the TD-KLI-SIC potential
is spin independent. The helium atom has only one electronic
shell; because of constraint (4), the potential V SICσ (r,t) reduces
to the orbital-dependent potential v1σ (r,t). For the ion He+,
there is only one electron which has a Coulomb interaction
with the nucleus, and the potential V SICσ (r,t) vanishes. For the
Be atom, the TD-KLI-SIC potential can be explicitly written
as follows:
V SICσ (r,t)
= ρ1σ (r,t)
ρσ (r,t)
{
v1σ (r,t) +
[ ∫
d3r
ρ2σ (r,t)ρ1σ (r,t)
ρσ (r,t)
]−1
×
∫
d3r
ρ2σ (r,t)ρ1σ (r,t)
ρσ (r,t)
[v2σ (r,t) − v1σ (r,t)]
}
+ ρ2σ (r,t)
ρσ (r,t)
v2σ (r,t). (5)
For the open-shell Be+ ion (the electronic structure 1s22s) the
TD-KLI-SIC potential is spin dependent; the spin-up potential
is still given by Eq. (6) while the spin-down potential reduces
to the orbital-dependent potential v1↓(r,t):
V SIC↓ (r,t) = v1↓(r,t). (6)
For the orbital-dependent potentials viσ (r,t), we use the
local-spin-density (LSD) approximation for both exchange
and correlation. Regarding the LSD correlation part, we utilize
numerical subroutines for the Perdew-Burke-Ernzerhof (PBE)
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TABLE I. Comparison of absolute values of spin-orbital energies
(in a.u.) of He and Be atoms.
Atom Spin orbital Present calculations Ref.
He 1s 0.918 0.904a
Be 1s 4.039
2s 0.308 0.309b
aReference [24].
bReference [12].
functional [21] based on the analytical representation of the
LSD correlation energy and potential by Perdew and Wang
[22]. We also include Perdew-Zunger [23] self-interaction
corrections:
viσ (r,t) = vH[ρ↑ + ρ↓](r,t) + vxc[ρσ ](r,t)
− vH[ρiσ ](r,t) − vxc[ρiσ ](r,t), (7)
where vH[ρ](r,t) and vxc[ρ](r,t) are the Hartree and LSD
exchange-correlation potentials, respectively:
vH[ρ](r,t) =
∫
d3r ′
ρ(r ′,t)
|r − r ′| , (8)
vxc[ρ](r,t) = −
[
6
π
ρ(r,t)
]1/3
+ vLSDc [ρ](r,t). (9)
The spin-orbital energies of the ground states computed by
the time-independent DFT using these potentials are listed in
Table I. They are in good agreement with the results of
precision two-electron variational calculations of He [24] and
accurate Hartree-Fock and OEP calculations of Be [12]. To
obtain the time-dependent electron densities and calculate the
ionization probabilities, one has to solve a set of the the time-
dependent Kohn-Sham equations for the spin orbitals ψiσ (r,t):
i
∂
∂t
ψiσ (r,t)
=
[
−1
2
∇2 − Z
r
+V SICσ (r,t) + vext(r,t)
]
ψiσ (r,t),
(10)
i = 1, . . . ,Nσ .
Besides the discussed single-particle potential V SICσ , the
right-hand side of Eq. (10) contains the Coulomb interaction
with the nucleus (Z is the nucleus charge) and interaction
with the external laser field vext(r,t). In our calculations we
use a linearly polarized laser pulse:
vext(r,t) = F(t) · r. (11)
The wavelength of the carrier is 780 nm and 1200 nm for the
He and Be atom, respectively. The total pulse duration T is 60
optical cycles (∼160 fs) for the helium atom and 30 optical
cycles for the beryllium atom. The pulse envelope consists
of a flat central part (50 optical cycles for He and 20 optical
cycles for Be) and five-optical-cycle sine-squared ramps at
the leading and trailing edges:
F(t) = F0 sin2(t) sin(ω0t), 0  t < τ, (12)
F(t) = F0 sin(ω0t), τ  t  T − τ, (13)
F(t) = F0 sin2(t) sin(ω0t), T − τ < t  T , (14)
where τ = 10π/ω0,  = ω0/20.
To solve the set of equations (10), we apply the
time-dependent generalized pseudospectral (TDGPS) method
which proved accurate and efficient in our previous TDDFT
calculations (see, e.g., Refs. [25–27]). For the TDGPS dis-
cretization in the present calculations, we use 256 radial
and 32 angular grid points, and the time step 0.027 a.u.
Equations (10) are solved in space within a sphere with the
radius 60 a.u.; between 40 a.u. and 60 a.u. we place an
absorber. Absorbed parts of the wave packet localized beyond
40 a.u. describe unbound states populated during the ionization
process. Because of the absorber, the normalization integrals of
the spin-orbital densities ρiσ (r,t) decrease in time. Calculated
after the pulse, they determine the ionization probabilities Piσ
for each spin orbital:
Piσ = 1 −
∫
d3rρiσ (r,T ). (15)
We note that, for the peak intensities used in the calculations
(up to 5 × 1014 W/cm2), only the highest-occupied 2s orbital
of Be is ionized while the tightly bound inner shell 1s electrons
do not leave the core. Also, the He atom is completely ionized
(both electrons are removed) at 1 × 1016 W/cm2. Now we
define the average single- and double-ionization rates. The
concept of the ionization rate is based on the exponential decay
law when the time-dependent ionization probabilityPion(t) can
be represented as follows:
Pion(t) = 1 − exp(−
t). (16)
In this case, the ionization rate 
 is a constant and can be
calculated at any time according to the equation

 = − d
dt
ln[1 − Pion(t)]. (17)
For laser pulses, when the intensity varies in time, the
exponential decay law is not satisfied. However, we still can
define the average ionization rate using the values of the pulse
duration T and ionization probability at the end of the pulse
Pion:

 = 1
T
ln
(
1
1 − Pion
)
. (18)
Then for He and Be atoms, the single- and double-ionization
rates 
(1) and 
(2) can be calculated as follows:

(1) = 1
T
ln
(
1
1 − P (1)
)
, 
(2) = 1
T
ln
(
1
1 − P (2)
)
, (19)
where the single- and double-ionization probabilities after the
pulse, P (1) and P (2), are defined as
P (1) = 2Pmσ (1 − Pmσ ), P (2) = P 2mσ . (20)
Here m = 1 for He and m = 2 for Be. The definitions of
the single- and double-ionization probabilities in Eq. (20)
have a clear physical meaning and are known as a mean-
field approximation. They appear exact only for uncorrelated
systems where the wave functions can be represented by Slater
determinants [6]. Nevertheless, the approximation [Eq. (20)] is
widely used and gives reasonable results for both single- and
double-ionization probabilities if accurate electron densities
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are supplied for calculation of the spin-orbital ionization
probabilities. For example, when calculated with the exact
time-dependent electron density of He, it reproduces the knee
structure in the intensity dependence of the double-ionization
probability [7]. Here we extend this approximation to calculate
single- and double-ionization rates according to Eq. (19).
In TDDFT, for closed-shell atoms, the electrons with
opposite spin projections are equally coupled to the laser field
and can be detached from the core with equal probabilities.
Then the single ionization (decrease of the total electron
number N = N↑ + N↓ by unity) corresponds to the decrease
of each N↑ and N↓ by 1/2, and the TD-KLI-SIC exchange
potentials for both spins keep changing continuously. Accord-
ing to our modified TD-KLI-SIC scheme (the TPN approach),
after single ionization [
∫
d3rρm↑(r,t) =
∫
d3rρm↓(r,t) = 0.5,
with m = 1 for He and m = 2 for Be], the potentials in
Eqs. (6) and (7) are changed discontinuously. For the spin-
up potentials, we replace the highest-occupied-shell spin-up
density ρm↑(r,t) with 2ρm↑(r,t) and set ρm↓(r,t) = 0. For the
spin-down potentials, vice versa, the outer-shell spin-down
density ρm↓(r,t) is replaced with 2ρm↓(r,t) and the spin-up
density is set to zero. Thus the spin-up and spin-down
potentials actually remain equal to each other and the system
remains spin unpolarized. Upon the described transformation,
however, from the physical point of view this system represents
an equally populated statistical ensemble of open-shell ions
with spin up and spin down. For example, for the He atom,
the potential V SICσ (r,t) vanishes upon the transformation,
as it supposed to be for the He+ ion. We stress that the
discontinuous transformation is applied to the potentials only.
The Kohn-Sham spin orbitals ψiσ (r,t) in Eq. (10) keep chang-
ing continuously with time; so do the spin-orbital densities
used to calculate the ionization probabilities and rates in
Eqs. (15)–(20).
A sharp change of the potential occurs when the TPN rather
than SPN passes through an integer number. Consequently, a
TD-KLI-SIC exchange-correlation potential with the disconti-
nuity with respect to the TPN variation is enforced. Otherwise,
if we follow a conventional TD-KLI-SIC procedure (the SPN
approach), the single ionization of the He 1s orbital and the
Be 2s orbital corresponds to the condition
∫
d3rρm↓(r,t) =∫
d3rρm↑(r,t) = 0.5, and there is no sharp change in the TD-
KLI-SIC exchange-correlation potential (which only occurs
when the SPN passes through an integer number). In practice,
when applying the TPN approach, we calculate the SPN at
every time step during the time propagation of Kohn-Sham
orbitals, and make the change of the exchange-correlation
potential when the SPN drops by 0.5. Our procedure allows
the discontinuity in the TD-KLI-SIC exchange-correlation
potential with respect to the TPN variation, and the double-
ionization features can be reproduced. We emphasize that
this is also true in the special case of the single-shell He
atom where the potential (1) reduces to the form (7) with
the LSD exchange-correlation (9) and does not exhibit a
discontinuity with respect to the SPN. Although He does
not represent a general case of the TD-KLI-SIC approach,
it is a benchmark system for NSDI where the theory can be
verified by the experiment. That is why we begin presentation
of our numerical results with the data on the double ionization
of He.
FIG. 1. (Color online) Double ionization rates of He atom versus
the peak intensity of the laser pulse. The carrier wavelength is 780 nm
and the pulse duration is 60 optical cycles.
III. RESULTS AND DISCUSSION
In Fig. 1, we compare the intensity dependence of the
double-ionization rates of He calculated according to Eq. (19).
We have obtained the ionization data with both the SPN
and TPN versions of the TD-KLI-SIC exchange-correlation
potential in the range of the peak intensities 1.5 × 1015 W/cm2
to 1 × 1016 W/cm2. While the results of the calculations
resemble each other closely before the saturation of single
ionization, thereafter, the TPN data for the double-ionization
probability clearly exhibit the knee structure while the SPN
curve does not have any similar features. The knee struc-
ture in Fig. 1 appears approximately at the same intensity
as seen in the experiments of Refs. [8,9]. Thus we may
conclude that the proper description of the double ionization
requires the TDDFT exchange-correlation potential with the
discontinuity with respect to the variation of the total particle
numbers.
To illustrate the difference between the SPN and TPN
approaches, it is instructive to compare the TD-KLI-SIC
exchange-correlation potentials before and after the interaction
with the laser pulse. The orbital-independent exchange-
correlation potential Vxc,σ (r,t) is naturally defined as the
difference between the single-particle potential V SICσ (r,t) and
the Hartree potential vH[ρ](r,t):
Vxc,σ (r,t) = V SICσ (r,t) − vH[ρ](r,t). (21)
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FIG. 2. (Color online) TD-KLI-SIC exchange-correlation poten-
tial Vxc,σ (r,t) of the He atom at the end of the pulse (t = T ) for
(b) SPN (red curve) and (c) TPN (blue curve) approaches. The peak
intensity is 2.1 × 1015 W/cm2, the carrier wavelength is 780 nm, and
the pulse duration is 60 optical cycles. (a) The black curve shows the
exchange-correlation potential Vxc,↑(r) of the He+ ion.
Defined in this way, the exchange-correlation potential in-
cludes the self-interaction correction and decays at large
distances as −1/r . In Fig. 2, we show the comparison between
the SPN and TPN versions of the exchange-correlation
potential for the He atom along the z axis which coincides
with the polarization direction of the laser field. The peak
intensity of the laser is 2.1 × 1015 W/cm2 for both the SPN
and TPN approaches. At this intensity, at the end of the
pulse the He atom is singly ionized with high probability, and
the single-particle potential V SICσ (r,T ) is supposed to vanish.
Hence the exchange-correlation potential must be equal to the
negative Hartree potential for the He+ ion. As one can see,
the TPN approach reproduces this potential much better the
SPN calculation. The existing difference between the TPN
and He+ exchange-correlation potentials can be explained by
substantial double ionization at this intensity which affects the
TPN potential through the density.
For the Be atom, we have obtained the double-ionization
rates for the laser wavelength of 1200 nm with 30-optical-cycle
pulses in the range of peak intensities 4.5 × 1013 W/cm2 to
5 × 1014 W/cm2, using both the SPN and TPN versions of the
TD-KLI-SIC procedure. Figure 3 shows the double-ionization
rates calculated according to Eq. (19) with high resolution
in laser intensity. As one can see, the results for the TPN
approach clearly reproduce the knee structure in the intensity
dependence of the double-ionization probability.
In Fig. 4 we show the comparison between the SPN
and TPN exchange-correlation potentials for the Be atom.
Here, we choose the peak intensity 6 × 1013 W/cm2. At this
intensity, at the end of the pulse the Be atom is singly ionized
with high probability. The exchange-correlation potential for
the TPN approach changes discontinuously in the course of
interaction with the laser field when one of the 2s electrons
is detached; at the end of the laser pulse, it reproduces the
exchange-correlation potential potential of Be+ ion almost
exactly. On the contrary, the exchange-correlation potential
for the SPN approach has a continuous transformation during
the interaction with the laser field. At the end of the pulse, it
FIG. 3. (Color online) Double ionization rates of Be atom versus
the peak intensity of the laser pulse. The carrier wavelength is 1200 nm
and the pulse duration is 30 optical cycles.
remains close to the initial (neutral Be) exchange-correlation
potential at smaller distances corresponding to localization of
FIG. 4. (Color online) TD-KLI-SIC exchange-correlation poten-
tial Vxc,σ (r,t) of Be atom, shown along polarization axis of the laser
field (a) before the pulse (t = 0, black solid line). (c) SPN exchange-
correlation potential after the pulse (t = T , red dashed line). (d) TPN
exchange-correlation potential after the pulse (t = T , blue solid line).
Black filled circles (b) correspond to the time-independent KLI-SIC
exchange-correlation potential Vxc,↓(r) of the Be+ ion. The peak
intensity of the laser field is 6 × 1013 W/cm2; the carrier frequency
and pulse duration are the same as in Fig. 3.
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the electron density of 1s electrons which are not affected
much by the laser field; at larger distances, |z|  1 a.u.,
its deviation from the initial exchange-correlation potential
accounts for the density change of the valence 2s electrons
due to the interaction with the laser field. However, the SPN
exchange-correlation potential still differs significantly from
that of Be+. This difference seen in Fig. 4 suggests that the
SPN approach may not provide an adequate description of
double ionization.
IV. SUMMARY
We have performed 3D calculations of single and double
ionization of He and Be atoms by using the self-interaction-
free TDDFT approach. We have introduced the TD-KLI-
SIC procedure for the exchange-correlation potential which
contains a discontinuity with respect to the variation of the
total particle numbers. Our exchange-correlation potential
is nonadiabatic in the sense that it does not follow adia-
batically the variation of the density. Instead, it undergoes
a discontinuous transformation at some point that marks
the single ionization (when the total particle number passes
through an integer value). The discontinuity of the exchange-
correlation potential is explicitly manifested in the process
of interaction with the laser field. We have presented the
intensity-dependent rates for the double ionization of He and
Be atoms reproducing the characteristics of the knee structure
(which was experimentally observed in double ionization of
He atoms). Thus we have shown that TDDFT employing the
exchange-correlation potentials with the discontinuity with
respect to the total particle number is capable of reproducing
the characteristic features of double ionization.
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